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Introduction




Space Charge Force

infinite perfect conducting beam pipe
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collective motion = uniform into z direction

E(r,t)=E(r—e,v.t) )
B(r,t)=ce,v, xE(r —e,v.t) } F=0,(E B)

test particle

in many cases:

X,, yr o 7c_1/2



Wake Function

approximations: v—c

constant offset
constant distance

source particle g, r,(t)=xe,+ye,+cte,

causes electromagnetic field EY(r,t), BY(r,t),

this field particle is observed by a test particles 0,  1,(t)=x,e, +y,e, +(ct—s)e,

EY(r,t),BY(r 1),

F, = qZ(E(l)(rz,t)+ V, X B(l)(rz,t))

change of momentum Ap :_[th

wake function

W(Xl' Y1 X5, y2,8)=

Ap
0.4,

:i dz x
ql—oo

[E(l)(xz' Y2 Z’t)+ Ce, x B(l)(xz’ Yo Z't)][ = (S + Z)/C

it is a Green’s function (point to point)




Wake Potential

rigid beam approximation

bunch (distributed source)

particle

source p(r,t)=p,(x=x,y-y;,z—ct)  shape p,(X,y,z) and offset x,Y,

wake potential W(Xl, Yii Xy, y2,8)=

1 0
q_ sz X [E(l)(Xm Ya Z’t)"'cez X B(l)(xz’ Y2 Z't)]t = (S+ ZJ/C
1 —o

direct calculation in time domain

computer codes as PBCI, Echo, ABCI, ... MAFIA




Wa ke POte ntla I example: pill-box cavity in rz coordinates

longitudinal wake om0z
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short range: causal, energy loss >-0o0m-0z
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Longimudinal Wakepotential

W ' ' " wake
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long range: oscillations, de- & recoherence , decay

de- and recoherence is the interference of multiple cavity modes
decay is caused by damping (wall losses & absorbers)



Potential = Function

0
by extrapolation 0 W, vV/IpC

o, /um = 25,50, ... 700

example: Tesla cavity, short range

o =700um
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Function — Potential

plr.t)=A(z—ct) n(x.y)  longitudinal shape i. (z) -~ "[H]

transverse shape 77(X, y)

Az,)

1

n(x =Xy, -y)

W(le Y1, X5, Yo, S) = Idxldyldzl X W(X1 Y X3, Y, S+ Zl)



Total Loss Parameter

for a bunch with small transverse dimensions
bunch shape A(z-ct)

longitudinal wake V\/”(s)ze”-W(---,s)

AE %
Kot =—5 =— |WI(2)A(z )dz
&= Wes)

total lost energy AE > 0, depends on bunch shape

V/pC
150 |
<m0> example: Tesla cavity
100! _ (infinite string of cavities)
Sl k. —150V/pC
'o---..,._‘_ q= 1nC
2\ ‘\\ 0 AE = 0.15mJ
L
o0 <(AW|T)) > \\ ' 77 V =AE/q —>150kV
10° 107



Symmetry of Revolution

polar coordinates X =K C0S¢, , Y, =L Ssing, -

azimuthal expansion

w(--,s Zr g W|| s)cos(me, —me, ) e

or wake potential

VVII(' " S) = Z " r2w|(m)(S)COS(mg02 - mg”l)
m=0
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Panofsky-Wenzel theorem relates B d ~
transverse and longitudi W8)==] gl
gitudinal wake dx, ¢ .
; pot
- Zmrlm rzm_lwim)(s)cos(m% _(m _1)¢1) fm
Zmrmrm wim(s)sin(me, —(m-1)p, ) oa ol
with w{™(s)= TWH (3)ds s - 4
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Monopole and Dipole Wakes

general 3D: wake is a 5D vector function
symmetry of revolution:

W||(X1’ VAARIR Y S) ~ Wﬁo)(s)"' rll‘zvvﬁl)(S)COS(gpz - (Pl) = W|$O)(S) + (X1X2 +Y.Y, )Wﬁl)(s)
Wx(X1’ Y1 X5, Yo, S)

Wy (X11 Yi: X5, Yo, S) ~ r1W(L1)(S)Sin(¢2) = ylw(ll)(s) EA

u

rlwgil) (S)COS(gDZ) = Xlwgil) (S) with

Echo 2D, Igor Zagorodnov http://www.desy.de/~zagor/WakefieldCode ECHOz/

(for any azimuthal order) longitudinal wake (monopole)
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General Geometry

programs as Mafia, MWS, GdfidL, Tau3P, Echo3D, PBCI, CST

(1 gy () Wiy () Wip(S) Wos(S) Wy (s)] 1]
X, 0 'wy(s)w,(s) wa(s) wy(s)| X
WX Vi X ¥208) = Yo || 0 way(s) Wi (8) Wis(S) Wiy (S) |y [+
X, 0 Wi(S) Wy(s) wy(s) wy,(s) | %,
Vo || 0 Wy (S) Way(S) Way(s) Wy, (s)] Y, |

Panofsky-Wenzel theorem W, (s)=- Twij (5)ds

W, (X11 Y1, X5, Yo S) = W03(S)+ 2W13(5)X1 + 2W23(S)y1 + 2W33(S)X2 + 2\7\'/34 (S)yz e
Wy (Xl’ Y1, X5, Y2, S) = W04 (S)+ 2W14 (S)Xl + 2W24 (S)yl + 2W34 (S)Xz + 2\7\-/44 (S)yz LI

more properties (@il +a§1 }N” =0 oW, =W,

X

(@22 +0), )N” =0 S Ww,=Ww,

13 coefficient functions!



Symmetry of Revolution
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Long Range Wake

example: bunch on axis of Tesla cavity excites only monopole modes

for short bunches:

total loss-parameter
K., —150V/pC

.

l eneyensity

“‘

tot

accelerating mode

N
Q‘ ky ~2.2V/pC
A o
: : : . . : Q. ~10°
eigenmodes are excited and ring forever (if there is no damping)
Dt
Z g
) 7 0,
w%(s > 0)=|->" 2k, cos| s |i+Hw%(s) Rt iy,
| v C ¥ eﬁf% 0,;%%
1% o, (o))
2
/,536..‘)}23[/'7

resonant part  residual, transient part
resonances, eigenmodes  pulses
long range effects  short range effects
impedance  wake
frequency domain  time domain



Impedance

just a Fourier transformation

0

Z”(---,a)):—% Jw, (-, s)exp(-ias/c)ds

—0o0

monopole modes

w%(s>0)= ZZk cos( j+vv|ff’r)(s)

2K 1w
Z|f°)(w)=2wz P, +Via)a) Q +Z))(w)

with Q, —

(ideal cavity)

C
J1(0)

R
2k

— V() R, = Q shunt impedance
a)V



Wake <> Impedance
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dashed curve = mode expansion
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Some Impedances

effective (averaged) impedance Zq ()= [7(x, ¥ (X, ¥2)Z, (%0, Y1, %, ¥, 0)dx,dy,dx,dy,

uniform motion

response of

geometry or matter space charge radiation
cavity free space csr
gap
~ (i) | % 2 ()= —— 20 F[ 2 2t ()~ 0152 5|2
Z(a))—(1+l)—7zb E—i_ sc( ) 2707 \o CSR( ) 0 icR?
[ w, = ﬁ A= 4mo. [y £ C]/3
" O, | or a)<<R—

resistive




Micro-Bunching

a beam guiding structure (FODO) + some longitudinal dispersion (chicanes)
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magnetic chicane

low energy

high energy
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SC impedance for “weak” density modulation

particles in longitudinal phase space
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magnetic chicane

. . . . Ay . M low energy
some longitudinal dispersion  s,=s; + Tse ™, - f.i. by a 4 magnet chicane
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full compression > (sl + 7o Ay (51))=0
651

3 before BC
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Multi Stage SC Amplifier

chicanes in FODO structure
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Surface Impedance

local relation of tangential fields in surface

L, =——=——>= for a surface with n = e,

y B ; ¥
p—g PR
i D .
h i — o
; x
2 . .

thin surface layer

J




Round Beam Pipe

monopole & dipole impedance (per length)

0
Z, 1
Z'™(x
X0 Vi Xar Ypr @) = 0
2”R1+JkRZ
2z, \1
ix /k
Z, 1 2|
Z' (X, Y1, %y, Yy @) = LS

R .[kR+ 1sz+ z. ) R
12wz, "\ Z, XYY

monopole & dipole wake (per length)
0

W(m)(X1’Y1 X5, Y2,S )_ 0

w,(s)

2
W( )(Xl’yl’ 2’Y2’ _R_ W
X1X2+Y1yZ )W



Synchronous Wave

inductive surface impedance

Wake Fields of Short

Z. = jol Ultra-Relativistic Electron Bunches

PhD Thesis Martin Bruene Timm, 2000

resonance condition

Zu(m): Z -
c 2 /Z,
— w,

C
short bunch I =
2r o,

SASE FEL? See: Using pipe with corrugated walls for a sub-terahertz FEL
G. Stupakov, SLAC-PUB-16171, December 2014






particle source: parameter set

q=40pC 250E6 electrons }
o, =1.5um

E,, =300 MeV

E..=0.6MeVv slice energy spread
g, =0.2um

setup

FODO lattice: 90 deg, period = 40 cm, quadrupole length = 2cm
chicanes: length = 14 cm, magnet length = 2cm, R56 ~ 11pm

6 LSCA cascades, each with 3 FODO periods, chicane in last half-period



effective free space wake

E. (z-vt)= : Jﬂ. z—vt—f)F(gjdé
TTEYO; o,
with " ( )
u [ xexpl—x?/2
F(u) = d
(“) 2&J(x2+u2/2)3/2 '
or

F(u)= sgnz(u) = u:/l; exp((u/z)2 )erfc(ju/z\)

o>y -390

u[>>1=F(u)— ;
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