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Cylindrical Laminated Structures 
The object of research is a cylindrical layered structure: an 
infinite cylindrical waveguide with a multilayered wall. 

A matrix method for constructing the radiation fields of a 
charged particle flying at an arbitrary constant velocity parallel to 
the axis of the waveguide is developed. 



The radiation fields are constructed using the matrix  
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consisting of a product of matrices 𝑄𝑄𝑖𝑖
𝑚𝑚   each of which contains geometric 𝑎𝑎𝑖𝑖 ,𝑎𝑎𝑖𝑖+1   

and electromagnetic 𝜀𝜀𝑖𝑖 , 𝜇𝜇𝑖𝑖  parameters of the material filling the i-th layer; m = 0,1,2, 
... is the order of the multipole. 
    In the general case of motion of a particle with the offset  to the axis, the 
longitudinal impedance of the structure can be written in the form of a multipole 
expansion 

𝑍𝑍|| 𝜔𝜔, 𝑟𝑟𝑞𝑞 = � 𝑍𝑍||
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Longitudinal monopole impedance of 
multilayer tube 

For the axial motion of a particle 𝑟𝑟𝑞𝑞 = 0  only the first term, the 
monopole term of the expansion (m = 0), contributes to the longitudinal 
impedance: 

𝑍𝑍|| 𝜔𝜔, 𝑟𝑟𝑞𝑞 = 0 = 𝑍𝑍||
0 𝜔𝜔, 0  



𝑍𝑍||
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TM field 

𝑬𝑬𝒛𝒛
𝒑𝒑,𝒎𝒎 → 𝟎𝟎 𝒂𝒂𝒂𝒂 𝜸𝜸 → ∞ 
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TWO-LAYER ROUND TUBE 

𝜺𝜺𝟏𝟏,𝟐𝟐 = 𝜺𝜺𝟎𝟎 + 𝒋𝒋
𝝈𝝈𝟏𝟏,𝟐𝟐

𝝎𝝎
 

𝝁𝝁𝟏𝟏,𝟐𝟐 = 𝝁𝝁𝟎𝟎 

𝝈𝝈𝟐𝟐 ≫ 𝝈𝝈𝟏𝟏 
Real part of copper-NEG tube 
impedances for various cover thicknesses. 

𝜎𝜎1 = 3 × 104Ω−1𝑚𝑚−1 

𝜎𝜎2 = 58 × 106Ω−1𝑚𝑚−1 
𝑎𝑎1 = 2𝑐𝑐𝑚𝑚 

𝑓𝑓0 =
𝑐𝑐
2𝜋𝜋

2
𝑎𝑎1𝑑𝑑

 



TWO-LAYER ROUND TUBE 
perfecty conducting outer layer 

𝝎𝝎𝟎𝟎 = 𝒄𝒄
𝟐𝟐
𝒂𝒂𝟏𝟏𝒅𝒅

 

𝝁𝝁𝟏𝟏,𝟐𝟐 = 𝝁𝝁𝟎𝟎 

𝝈𝝈𝟐𝟐 = ∞ 

𝝈𝝈𝟐𝟐 = ∞ 

Maximal Q-factor 
at 𝜁𝜁 = 1 

𝑑𝑑
𝑎𝑎1

≪ 1 

𝜁𝜁~1 



TWO-LAYER ROUND TUBE 
perfecty conducting outer layer 

Real (left) and imaginary (right) parts of the longitudinal impedance of two-layer cylindrical 
structure. On the graphs, the thicknesses of the inner layer in microns are shown.  

Longitudinal wake potential of the 
two-layer cylindrical waveguide for 
different values of the thickness of 
the inner layer and the fixed 
conductivity 𝜎𝜎 = 2 × 103 Ω−1𝑚𝑚−1 

𝑎𝑎1 = 1 𝑐𝑐𝑚𝑚 



Dispersion relation. Synchronous mode 

Real (solid) and imaginary (dotted) 
parts of TM01 transverse eigenvalues 
versus frequency. Shown also the 
purely real transverse eigenvalues for 
the high axially symmetric TM modes 
(dashed). 

Dispersion curves for fundamental 
𝑇𝑇𝑇𝑇01 and high order 𝑇𝑇𝑇𝑇0𝑛𝑛 ( n>1) 
modes. 



Wake-Field Radiation from the Open End of the 
Internally Coated Metallic Tube  

 

Geometry of the problem: particle in waveguide 1; and out of waveguide 2;  

Spatial-temporal distribution of the radiation field at fixed angles of 
observation;  𝜗𝜗 = 𝜋𝜋

100
 (left), 𝜗𝜗 = 𝜋𝜋

10
 (right); first pulse (dotted), second 

pulse (solid); 𝜁𝜁 = 1 (black),  𝜁𝜁 = 3 or  𝜁𝜁 = 1/3 (red). 
 



Wake-Field Radiation from the Open End of the 
Internally Coated Metallic Tube. 

Angular distribution 

The radiation pattern in power (at 
𝑐𝑐𝑐𝑐 > 𝑅𝑅 + 𝑎𝑎1  𝑅𝑅- the distance from the 
open end to the observation point). 
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Near field – Far field transformation 

𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 = 2.3 



Impedance and wake of two-layer metallic flat 
structure 

𝑍𝑍||
0 𝑘𝑘 = 𝑗𝑗
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𝐾𝐾𝑘𝑘2

𝑆𝑆𝑆 𝐾𝐾𝑑𝑑 𝑆𝑆𝑆 𝑘𝑘𝑚𝑚𝑎𝑎  

𝐾𝐾12 = 𝐾𝐾2 − 𝑘𝑘𝑚𝑚2 − 𝑘𝑘2 𝐾𝐾 = 𝑘𝑘𝑚𝑚2 + 1 − 𝜀𝜀𝜇𝜇𝑐𝑐2 𝑘𝑘2 



Impedance of two-layer metallic flat structure 
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Longitudinal impedance of the two-layer flat structure for different values of 
the thickness of the inner layer and the fixed conductivity  
𝜎𝜎 = 2 ×  103 Ω−1𝑚𝑚−1; half-height of structure 𝑎𝑎 = 1 𝑐𝑐𝑚𝑚. 

cylinder plane 

𝜔𝜔𝑟𝑟𝑟𝑟𝑧𝑧 = 𝑐𝑐 2 𝑟𝑟0𝑑𝑑⁄  

𝜁𝜁 = 𝑍𝑍0𝜎𝜎1𝑑𝑑 3 ⁄ = 1 

𝜔𝜔𝑟𝑟𝑟𝑟𝑧𝑧 = 𝑐𝑐 1 𝑎𝑎𝑑𝑑⁄  
𝜁𝜁 = 𝑍𝑍0𝜎𝜎1𝑑𝑑 3 ⁄ = 1 



Wake potential of two-layer metallic flat 
structure 

Longitudinal wake potential of the two-layer flat (left) and cylindrical (right) 
structures for different values of the thickness of the inner layer and the fixed 
conductivity 𝜎𝜎 = 2 × 103 Ω−1𝑚𝑚−1; half-height (radius) of structure 1 𝑐𝑐𝑚𝑚.  



Experimental testing 

Tested resonator; 𝑏𝑏 = 65mm; 𝑙𝑙 = 200 𝑚𝑚𝑚𝑚; 𝒂𝒂 = 𝟏𝟏𝟎𝟎,𝟏𝟏𝟏𝟏,𝟐𝟐𝟎𝟎 𝒎𝒎𝒎𝒎 

𝒇𝒇𝒓𝒓𝒓𝒓𝒛𝒛 =  
𝒄𝒄
𝟐𝟐𝝅𝝅

𝟏𝟏
𝒂𝒂𝒅𝒅

 <   𝟏𝟏𝟏𝟏 𝐆𝐆𝐆𝐆𝐆𝐆   →    𝒅𝒅  ~ 𝟏𝟏 𝒎𝒎𝒎𝒎 

𝜻𝜻 = 𝟏𝟏
𝟑𝟑
𝒁𝒁𝟎𝟎𝝈𝝈𝟏𝟏𝒅𝒅 ~𝟏𝟏 →  𝝈𝝈𝟏𝟏 ~ 𝟐𝟐 𝜴𝜴−𝟏𝟏𝒎𝒎−𝟏𝟏  



Experimental testing 
Choosing parameters 

Thickness of inner layer 𝒅𝒅 = 𝟏𝟏 𝒎𝒎𝒎𝒎,   material of 
inner layer – Germanium (Ge) 
𝜺𝜺𝑮𝑮𝒓𝒓 = 𝟏𝟏𝟏𝟏𝜺𝜺𝟎𝟎 + 𝒋𝒋 𝟐𝟐 𝝎𝝎 [𝛀𝛀−𝟏𝟏𝒎𝒎−𝟏𝟏] ⁄  

Measurement results 

Insertion loss S21 for copper cavity with inner Ge plates for the cavities with 
half-apertures  1cm, 1.5cm 2cm. The Ge layer thickness is 1 mm.  



Experimental testing 
Comparison with calculated 

resonance frequencies 

The longitudinal impedance of perfect conductor-Ge infinite parallel 
plates (solid lines) and measured resonant frequencies of copper cavity 
with Ge inner layers at the top and bottom walls (dashed).  



Processing of measurement data 
Dispersion curves for tested resonator 

Dispersion curves for resonators 
with different heights; 𝑙𝑙 = 20𝑐𝑐𝑚𝑚 
Dashed, red – measured 
Solid  black - calculated 



Dispersion curves for resonator, 
suggested for testing  

Dispersion curves for resonators with two different heights; 𝑙𝑙 = 40𝑐𝑐𝑚𝑚 
Solid black – calculated 
Dotted blue – predicted measured 



Planning experiment with layered by cadmium 
sulfide rectangular resonator  

Longitudinal impedance of two-layer plates (cadmium sulfide – ideal 
conductor) at different thicknesses of the layer; 𝑎𝑎 = 1𝑐𝑐𝑚𝑚,𝜎𝜎 =
600Ω−1𝑚𝑚−1. 
 



Planning experiment of fixation of wakefield 
radiation from the open end of waveguide 

 Scheme of the experiment; 1 – beam, 2-beam pipe, 3 –waveguide, 4 
- frequency measuring device, 5 – horn, 6 –screen, 7 - device for 
measuring radiation intensity distribution, 8 – radiation, 9  - beam 
pipe 
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