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The radiation field of a particle moving on a helical trajectory in a cylindrical 
waveguide with resistive walls is calculated.  
The deformation of the energy spectrum and damping of radiation as a result of 
the finite conductivity of the walls is investigated.  

The radiation of a point particle moving along a helical trajectory in a waveguide with walls of finite conductivity is 
considered. The practical significance of this problem lies in the study of the possibility of combining a helical undulator 
with a cylindrical waveguide. In this case, the continuous spectrum of undulator radiation is transformed into a discrete 
one, which makes it possible to single out one mode as a source of monochromatic radiation. 

GEOMETRY OF THE PROBLEM 
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𝝎𝒏𝒎 = 𝒏𝝎𝟎 + 𝑽𝜸𝒛
𝟐𝑎−1 𝒏𝜷𝒛𝜷⊥ + 𝒏𝟐𝜷⊥

𝟐 − 𝜸𝒛
−𝟐𝒙𝒏𝒎

𝟐 𝑎2 𝒃𝟐  

Contribution of each mode to the radiation energy spectrum 
 in waveguide−undulator structures 

𝑪𝒂𝒔𝒆𝒔 𝒐𝒇 𝒅𝒐𝒎𝒊𝒏𝒂𝒏𝒄𝒆 𝒐𝒇 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒐𝒅𝒆𝒔 𝒂𝒕 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝑲 

Singularity at 𝑓 𝜶𝒏𝒎
′  = 0 

With an appropriate selection of parameters, it is possible to create 
conditions for the dominance of one mode, i.e., the mode containing most 
of the emitted energy. In this case, we are talking about the possibility of 
creating a powerful monochromatic radiation source. 



𝒆𝑯 

𝒆𝑯 

𝒆𝑱 

𝜺𝟎, 𝝁𝟎 

𝟏 
𝒂 

REAL RESISTIVE WAVEGUIDE 

Common Solution 𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

+ 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒏 𝒇𝒓𝒆𝒆 𝒔𝒑𝒂𝒄𝒆 
for given charges and currents  

𝛼 =  
𝛼1 = 𝜔2𝜀1𝜇1 − 𝑘2     𝒊𝒏 𝒎𝒆𝒕𝒂𝒍

𝛼0 = 𝜔2 𝑐2 − 𝑘2     𝒊𝒏 𝒗𝒂𝒄𝒖𝒖𝒎
 

𝝍𝒏 = 𝒌 𝒛 − 𝒗𝒕 + 𝒏 𝝋 −𝝎𝟎𝒕  

𝒌 = 𝝎 − 𝒏𝝎𝟎 𝑽  

Basic harmonics 

𝒆 = 
𝒆𝑯 = 𝜶𝒓 −𝟏𝒏,𝑯𝒏

𝟏
𝜶𝒓  , 𝒋𝑯𝒏

𝟏 ′

𝜶𝒓 , 𝟎 𝒆𝒙𝒑 𝒋𝝍𝒏

𝒆𝑱 = 𝜶𝒓 −𝟏𝒏, 𝑱𝒏 𝜶𝒓 , 𝒋𝑱𝒏
′ 𝜶𝒓 , 𝟎  𝒆𝒙𝒑 𝒋𝝍𝒏 , 

 

𝑬 = 𝑬𝑻𝑴 + 𝑬𝑻𝑬         𝑯 = 𝑯𝑻𝑴 +𝑯𝑻𝑬 

𝑬𝑻𝑴=𝑨𝑻𝑴𝒓𝒐𝒕𝒆 𝑯𝑻𝑴=𝑩𝑻𝑴𝒆 

𝑬𝑻𝑬=𝑨𝑻𝑬𝒆 𝑯𝑻𝑬=𝑩𝑻𝑬𝒓𝒐𝒕𝒆 

𝑭𝒊𝒆𝒍𝒅 𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒂𝒕𝒊𝒐𝒏 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐨𝐟 𝐡𝐨𝐦𝐨𝐠𝐞𝐧𝐞𝐨𝐮𝐬  
𝐌𝐚𝐱𝐰𝐞𝐥𝐥 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 𝐰𝐢𝐭𝐡  
𝐮𝐧𝐝𝐞𝐟𝐢𝐧𝐢𝐭𝐞 amplitudes 

Determination of the coefficient 𝝌𝒏 is performed by 
comparison with the existing solution for an ideal 
waveguide 

𝟑 

𝑒 𝐻 

𝒆𝑯 𝜺𝟏, 𝝁𝟏 

𝒆𝑯 𝜺𝟏, 𝝁𝟏  

𝒆𝑱 𝜺𝟎, 𝝁𝟎 𝟐 

𝒃 

+ 

Matching fields using boundary 
 conditions on a surface r = a, 
Introduction of the coefficient 𝝌𝒏. 

𝑯𝑯 −𝑯𝑱 × 𝒆𝒓 = 𝝌𝒏𝒋  

   𝜺𝟎 𝑬𝑯 − 𝑬𝑱 ∙ 𝒆𝒓 = 𝝌𝒏𝒒

 

Matching the tangential compo- 
nents of full field on the inner  
wall at r = b 

𝑬𝑯,𝒕 = 𝑬𝑱,𝒕 

𝑯𝑯,𝒕 = 𝑯𝑱,𝒕 



𝟏.   𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒏 𝒇𝒓𝒆𝒆 𝒔𝒑𝒂𝒄𝒆 for given charges and currents  

𝒆𝑯 

𝒆𝑯 

𝒆𝑱 

𝜺𝟎, 𝝁𝟎 

𝟏 

𝒂 

Matching fields using boundary conditions on a surface r = a.  
Introduction of the coefficient 𝝌𝒏, currents 𝒋 𝑻𝑴, 𝒋 𝑻𝑬 and charges 𝝆𝑻𝑴, 𝝆𝑻𝑬, 
responsible for the generation of TM and TE modes 

𝝆(𝒓,𝝋, 𝒛, 𝒕) = 𝒒 
𝜹(𝒓 − 𝒂)

𝒓𝒂
𝜹(𝝋 − 𝝎𝟎𝒕)𝜹(𝒛 − 𝑽𝒕) 

𝒋 (𝒓, 𝝋, 𝒛, 𝒕) = (𝝎𝒃𝒂𝒆𝝋 + 𝑽𝒆𝒛)𝝆(𝒓, 𝝋, 𝒛, 𝒕  

𝑪𝒉𝒂𝒓𝒈𝒆 𝒂𝒏𝒅 𝒄𝒖𝒓𝒓𝒆𝒏𝒕 𝒅𝒆𝒏𝒄𝒊𝒕𝒊𝒆𝒔  

𝝆𝒏
𝑻𝑴 + 𝝆𝒏

𝑻𝑬 = 𝟏 

𝒋𝒛
𝑻𝑬 = 𝒌𝒏𝝎𝟎 𝜶𝟎

𝟐  

𝒋𝝋
𝑻𝑬 = 𝝎𝟎𝒂  𝝆𝒏

𝑻𝑬 = 𝒏𝝎𝟎𝝎 𝒄𝟐𝜶𝟎
𝟐  

Determined from the compatibility 
conditions of the equations 
included in the systems. 𝒋𝒛

𝑻𝑴 + 𝒋𝒛
𝑻𝑬 = 𝑽  

𝒋𝒛
𝑻𝑴 = 𝐕 − 𝒋𝒛

𝑻𝑬 

1)                       𝐸𝐻,𝑧
𝑇𝑀 − 𝐸𝐽,𝑧

𝑇𝑀 = 0   

2)                    −𝐸𝐻,𝜑
𝑇𝑀 +𝐸𝐽,𝜑

𝑇𝑀 = 0  

3)                   −𝐻𝐻,𝜑
𝑇𝑀 +𝐻𝐽,𝜑

𝑇𝑀 = 𝑞𝝌𝒏𝒋𝒏,𝒛
𝑻𝑴  

4)                𝜀0 𝐸𝐻,𝑟
𝑇𝑀 − 𝐸𝐽,𝑟

𝑇𝑀 = 𝑞𝝌𝒏𝝆𝒏
𝑻𝑴     

5)                       𝐻𝐻,𝑟
𝑇𝑀 − 𝐻𝐽,𝑟

𝑇𝑀 = 0    

1)                   −𝐸𝐻,𝜑
𝑇𝐸 +𝐸𝐽,𝜑

𝑇𝐸 = 0 

2)         𝐻𝐻,𝑧
𝑇𝐸 − 𝐻𝐽,𝑧

𝑇𝐸 = 𝑞𝝌𝒏𝒋𝒏,𝝋
𝑻𝑬  

                             3)          −𝐻𝐻,𝜑
𝑇𝐸 +𝐻𝐽,𝜑

𝑇𝐸 = 𝑞𝝌𝒏𝒋𝒏,𝒛
𝑻𝑬  

                              4)            𝜀0 𝐸𝐻,𝑟
𝑇𝐸 − 𝐸𝐽,𝑟

𝑇𝐸 = 𝑞𝝌𝒏𝝆𝒏
𝑻𝑬 

                               5)                        𝐻𝐻,𝑟
𝑇𝐸 − 𝐻𝐽,𝑟

𝑇𝐸 = 0  

𝑻𝑴 𝒎𝒐𝒅𝒆𝒔 𝑻𝑬 𝒎𝒐𝒅𝒆𝒔 



𝑨𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆𝒔 𝒂𝒏𝒅 𝒇𝒊𝒆𝒍𝒅𝒔 

𝟏.   𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒏 𝒇𝒓𝒆𝒆 𝒔𝒑𝒂𝒄𝒆 for given charges and currents  

𝐴𝑛,𝐽
0,𝑇𝑀 = −𝑗𝑞

𝜋

2

𝑎𝜒𝑛

𝛼0𝑐
2𝜀0

𝑉𝜔 − 𝑐2𝑘 𝐻𝑛
1 𝛼0𝑎   

𝐴𝑛,𝐻
0,𝑇𝑀 = −𝑗𝑞

𝜋

2

𝑎𝜒𝑛

𝛼0𝑐
2𝜀0

𝑉𝜔 − 𝑐2𝑘 𝐽𝑛 𝛼0𝑎  

  

𝐵𝑛,𝐽
0,𝑇𝑀 = −𝑗𝜀0𝜔𝐴𝑛,𝐽

0,𝑇𝑀
,  𝐵𝑛,𝐻

0,𝑇𝑀 = −𝑗𝜀0𝜔𝐴𝑛,𝐻
0,𝑇𝑀

 

          

𝐴𝑛,𝐽
0,𝑇𝐸 = 𝑗𝑞

𝜋

2

𝑎2𝜒𝑛𝜔𝜔0

𝑐2𝜀0
𝐻𝑛

1
𝛼0𝑎 ,   

𝐴𝑛,𝐻
0,𝑇𝐸 = 𝑗𝑞

𝜋

2

𝑎2𝜒𝑛𝜔𝜔0

𝑐2𝜀0
𝐽𝑛
′ 𝛼0𝑎   

 

𝐵𝑛,𝐽
0,𝑇𝐸 = −𝑗𝐴𝑛,𝐽

0,𝑇𝐸 𝜔𝜇0 , 𝐵𝑛,𝐻
0,𝑇𝐸 = −𝑗𝐴𝑛,𝐻

0,𝑇𝐸 𝜔𝜇0   

𝐸𝑛
0,𝑇𝑀 =

𝐸𝐻,𝑛
0,𝑇𝑀

𝐸𝐽,𝑛
0,𝑇𝑀

=  
𝐴𝐻,𝑛
0,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐻,  𝑟 > 𝑎

𝐴𝐽,𝑛
0,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐽,  𝑟 < 𝑎

,   

 

 𝐻𝑛
0,𝑇𝑀 =

𝐻𝐻,𝑛
0,𝑇𝑀

𝐻𝐽,𝑛
0,𝑇𝑀

=  
𝐵𝐻,𝑛
0,𝑇𝑀𝑒 𝐻 ,  𝑟 > 𝑎

𝐵𝐽,𝑛
0,𝑇𝑀𝑒 𝐼,  𝑟 < 𝑎

  

  

  𝐸𝑛
0,𝑇𝐸 =

𝐸𝐻,𝑛
0,𝑇𝐸

𝐸𝐽,𝑛
0,𝑇𝐸

=  
𝐴𝐻,𝑛
0,𝑇𝐸𝑒 𝐻,  𝑟 > 𝑎

𝐴𝐽,𝑛
0,𝑇𝐸𝑒 𝐽,  𝑟 < 𝑎

,            

  

   𝐻𝑛
0,𝑇𝐸 =

𝐻𝐻,𝑛
0,𝑇𝐸

𝐻𝐽,𝑛
0,𝑇𝐸

=  
𝐵𝐻,𝑛
0,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐻,  𝑟 > 𝑎

𝐵𝐽,𝑛
0,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐽,  𝑟 < 𝑎

  



𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

2. Matching the tangential components of full field on the inner wall at r = b 

𝐸𝑖𝑛 = 𝐸1,𝑇𝑀 + 𝐸1,𝑇𝐸 + 𝐸0,𝑇𝑀 + 𝐸0,𝑇𝐸 
𝐻𝑖𝑛 = 𝐻1,𝑇𝑀 + 𝐻1,𝑇𝐸 +𝐻0,𝑇𝑀 + 𝐻0,𝑇𝐸  

𝐸𝑖𝑛, 𝐻𝑖𝑛 

𝐸𝑖𝑛, 𝐻𝑖𝑛 

𝐸𝑜𝑢𝑡 = 𝐸2,𝑇𝑀 + 𝐸2,𝑇𝐸,  𝐻𝑜𝑢𝑡 = 𝐻2,𝑇𝑀 + 𝐻2,𝑇𝐸  𝐸𝑜𝑢𝑡, 𝐻𝑜𝑢𝑡 

𝐸𝑜𝑢𝑡, 𝐻𝑜𝑢𝑡 

𝐸1,𝑇𝑀 = 𝐴𝑛
1,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐽,  𝐻1,𝑇𝑀 = 𝐵𝑛

1,𝑇𝑀𝑒 𝐽, 

 𝐵𝑛
1,𝑇𝑀 = −𝑗𝐴𝑛

1,𝑇𝑀𝜀0𝜔, 

  

𝐸1,𝑇𝐸 = 𝐴𝑛
1,𝑇𝐸  𝑒 𝐽,  𝐻

1,𝑇𝐸 = 𝐵𝑛
1,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐽, 

𝐵𝑛
1,𝑇𝐸 = −𝑗 𝐴𝑛

1,𝑇𝐸 𝜇0𝜔 .   

𝐸2,𝑇𝑀 = 𝐴𝑛
2,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐻,  𝐻2,𝑇𝑀 = 𝐵𝑛

2,𝑇𝑀𝑒 𝐻, 

𝐵𝑛
2,𝑇𝑀 = −𝑗𝐴𝑛

2,𝑇𝑀𝜀1𝜔, 

 

𝐸2,𝑇𝐸 = 𝐴𝑛
2,𝑇𝐸  𝑒 𝐻,  𝐻2,𝑇𝐸 = 𝐵𝑛

2,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐻,  

𝐵𝑛
2,𝑇𝐸 = −𝑗 𝐴𝑛

2,𝑇𝐸 𝜇1𝜔 .   
   

 
 𝐸𝑡
𝑖𝑛 = 𝐸𝑡

𝑜𝑢𝑡

 𝐻𝑡
𝑖𝑛 = 𝐻𝑡

𝑜𝑢𝑡
  𝑎𝑡 𝒓 = 𝒃 



𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

𝑨 = 𝑨 𝟏 + 𝑨 𝟐 

𝑨 𝟏,𝟐 = 𝑨𝒏𝟏,𝟐

𝟏,𝑻𝑴, 𝑨𝒏𝟏,𝟐

𝟏,𝑻𝑬, 𝑨𝒏𝟏,𝟐

𝟐,𝑻𝑴, 𝑨𝒏𝟏,𝟐

𝟐,𝑻𝑬  

𝑨𝒏𝟏

𝟏,𝑻𝑴 = 𝒋𝒒
𝝅

𝟐
𝒂𝝌𝒏𝑪𝒖𝑱 𝒏

𝑾𝜺𝝁

𝜶𝟎𝒄
𝟐𝜺𝟎𝑫

, 

𝑨𝒏𝟏

𝟏,𝑻𝑬 = 𝒒𝒂𝝌𝒏𝒌𝒏𝝁𝟎
𝑪𝒖𝜶𝟏

𝟐𝜶𝟎𝟏𝑯𝒏
𝟐𝑱 𝒏𝝎

𝟐

𝜶𝟎𝒄
𝟐𝑫

, 

𝑨𝒏𝟏

𝟐,𝑻𝑴 = −𝒒𝒂𝝌𝒏𝒃
𝑪𝝎𝜶𝟎

𝟐𝜶𝟏
𝟐𝑱 𝒏𝑰𝝁𝝎

𝟐

𝜶𝟎𝒄
𝟐𝑫

 , 

𝑨𝒏𝟏

𝟐,𝑻𝑬 = 𝒒𝒂𝝌𝒏𝒌𝒏𝝁𝟏
𝑪𝝎𝜶𝟏𝜶𝟎𝟏

𝟐 𝑯𝒏𝑱𝒏𝑱 𝒏𝝎
𝟐

𝒄𝟐𝑫
, 

𝑨𝒏𝟐

𝟏,𝑻𝑴 = −𝒒𝒂𝟐𝜶𝟏
𝟐𝜶𝟎𝟏𝝌𝒏

𝑱 𝒏
′ 𝑯𝒏

𝟐𝒌𝒏𝝎𝝎𝟎

𝒄𝟐𝜺𝟎𝑫
, 

𝑨𝒏𝟐

𝟏,𝑻𝑬 = −𝒋𝒒
𝝅

𝟐
𝝌𝒏𝒌𝒂

𝟐𝝎𝝎𝟎𝑱 𝒏
′ 𝑾𝝁𝜺

𝒄𝟐𝜺𝟎𝑫
  

𝑨𝒏𝟐

𝟐,𝑻𝑴 = −𝒒𝒂𝟐𝝌𝒏𝒌𝒏𝝎𝝎𝟎𝜶𝟎𝜶𝟏𝜶𝟎𝟏
𝑱 𝒏
′𝑯𝒏𝑱𝒏

𝒄𝟐𝜺𝟎𝑫
, 

𝑨𝒏𝟐

𝟐,𝑻𝑬 = 𝒒𝝁𝟏𝝌𝒏𝒃𝒂
𝟐𝝎𝟑𝝎𝟎𝜶𝟎

𝟐𝜶𝟏
𝟐 𝑱 𝒏

′ 𝑰𝜺

𝒄𝟐𝜺𝟎𝑫
  

𝑱 𝒏 = 𝑱𝒏 𝜶𝟎𝒂 ,𝑯 𝒏 = 𝑯𝒏
𝟏

𝜶𝟎𝒃 ,  𝜶𝟎𝟏 = 𝜶𝟎
𝟐 − 𝜶𝟏

𝟐 
𝑰𝜺
𝑰𝝁
 = −𝜶𝟏𝑱𝒏

′ 𝑯𝒏

𝜺𝟎
𝝁𝟎

+ 𝜶𝟎𝑱𝒏𝑯𝒏
′

𝜺𝟏
𝝁𝟏

 

𝒀𝜺

𝒀𝝁
 = −𝜶𝟏𝑯 𝒏

′ 𝑯𝒏

𝜺𝟎
𝝁𝟎

+ 𝜶𝟎𝑯 𝒏𝑯𝒏
′

𝜺𝟏
𝝁𝟏

 

𝑾𝜺𝝁

𝑾𝝁𝜺
 = 𝒌𝟐𝒏𝟐𝜶𝟎𝟏

𝟐 𝑯𝒏
𝟐𝑱𝒏𝑯 𝒏 − 𝒃𝟐𝜶𝟎

𝟐𝜶𝟏
𝟐

𝒀𝜺𝑰𝝁
𝒀𝝁𝑰𝜺

𝝎𝟐 

𝑫 = 𝒌𝟐𝒏𝟐𝜶𝟎𝟏
𝟐 𝑯𝒏

𝟐𝑱𝒏
𝟐 − 𝒃𝟐𝜶𝟎

𝟐𝜶𝟏
𝟐𝑰𝜺𝑰𝝁𝝎

𝟐 

Amplitudes Designations 

Dispersion  equation 

𝑫 𝝎 = 𝟎 
has discrete complex roots 

, 𝝎 = 𝝎𝒏𝒎, 𝒌 =
𝝎− 𝒏𝝎𝟎

𝑽
 



Transition to an ideal waveguide:      

𝜺𝟏 → ∞, 𝝁𝟏 = 𝝁𝟎 

𝑨𝒏,𝑱
𝟎,𝑻𝑴 = −𝒋𝒒

𝝅

𝟐

𝒂𝝌𝒏

𝜶𝟎𝒄
𝟐𝜺𝟎

𝑪𝒖𝑯𝒏
𝟏

𝜶𝟎𝒂  

𝑨𝒏,𝑯
𝟎,𝑻𝑴 = −𝒋𝒒

𝝅

𝟐

𝒂𝝌𝒏

𝜶𝟎𝒄
𝟐𝜺𝟎

𝑪𝒖𝑱𝒏 𝜶𝟎𝒂  

𝑨𝒏,𝑱
𝟎,𝑻𝑬 = 𝒋𝒒

𝝅

𝟐

𝒂𝟐𝝌𝒏𝝎𝝎𝟎

𝒄𝟐𝜺𝟎
𝑯𝒏

𝟏
𝜶𝟎𝒂  

𝑨𝒏,𝑯
𝟎,𝑻𝑬 = 𝒋𝒒

𝝅

𝟐

𝒂𝟐𝝌𝒏𝝎𝝎𝟎

𝒄𝟐𝜺𝟎
𝑱𝒏
′ 𝜶𝟎𝒂

  

𝑨𝒏
𝟏,𝑻𝑴 = 𝑨𝒏𝟏

𝟏,𝑻𝑴 = 𝒋𝒒
𝝅

𝟐

𝒂𝝌𝒏𝑪𝒖𝑯𝒏
𝟏

𝜶𝟎𝒃 𝑱𝒏 𝜶𝟎𝒂

𝜶𝟎𝒄
𝟐𝜺𝟎𝑱𝒏 𝜶𝟎𝒃

 

𝑨𝒏
𝟏,𝑻𝑬 = 𝑨𝒏𝟐

𝟏,𝑻𝑬 = −𝒋𝒒
𝝅

𝟐
𝝎𝝎𝟎

𝒂𝟐𝝌𝒏𝑯𝒏
𝟏 ′

𝜶𝟎𝒃 𝑱𝒏
′ 𝜶𝟎𝒂

𝒄𝟐𝜺𝟎𝑱𝒏
′ 𝜶𝟎𝒃

 

𝑪𝒖 = 𝑽𝝎− 𝒄𝟐𝒌 

Amplitudes, obtained for common solution (full field matching at r = b): 

Amplitudes, obtained for particular solution (free space field matching at r = a): 



Full field, radiated in ideal waveguide 

𝐸𝑛
0 = 𝐸𝑛

0,𝑇𝑀 + 𝐸𝑛
0,𝑇𝐸 , 𝐻𝑛

0 = 𝐻𝑛
0,𝑇𝑀 + 𝐻𝑛

0,𝑇𝐸
  

𝐸,𝑇𝑀 = 𝐴𝑛
1,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐽 +  

𝐴𝐻,𝑛
0,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐻 ,  𝑟 > 𝑎

𝐴𝐽,𝑛
0,𝑇𝑀𝑟𝑜𝑡 𝑒 𝐽,  𝑟 < 𝑎

 

𝐸,𝑇𝐸 = 𝐴𝑛
1,𝑇𝐸 𝑒 𝐽 +  

𝐴𝐻,𝑛
0,𝑇𝐸𝑒 𝐻,  𝑟 > 𝑎

𝐴𝐽,𝑛
0,𝑇𝐸𝑒 𝐽,  𝑟 < 𝑎

 

 𝐻𝑇𝑀 = 𝐵𝑛
1,𝑇𝑀𝑒 𝐽 +  

𝐵𝐻,𝑛
0,𝑇𝑀𝑒 𝐻 ,  𝑟 > 𝑎

𝐵𝐽,𝑛
0,𝑇𝑀𝑒 𝐼,  𝑟 < 𝑎

 

𝐻,𝑇𝐸 = 𝐵𝑛
1,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐽 +  

𝐵𝐻,𝑛
0,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐻,  𝑟 > 𝑎

𝐵𝐽,𝑛
0,𝑇𝐸𝑟𝑜𝑡 𝑒 𝐽,  𝑟 < 𝑎

 



Expansion of the resulting solution in a series in terms of eigenfunctions 
of an ideal waveguide. Comparison with existing solution 

𝐸 𝑛𝑚,𝑧
𝑎,𝑇𝑀 = −𝑗2𝑞

𝑎𝝌𝒏𝐶𝑢
𝑏2

𝐽𝑛 𝑎𝑗𝑛𝑚

𝛼0
2 − 𝑗𝑛𝑚

2 𝐽𝑛−1
2 𝑏𝑗𝑛𝑚

𝐽𝑛 𝑗𝑛𝑚𝑟 𝐹 

 𝐸 𝑛𝑚,𝑟
𝑎,𝑇𝑀 = 𝑗2𝑞𝜇0

𝑘𝑎𝝌𝒏𝐶𝑢

𝜶𝟎
𝟐𝑏2

𝑗𝑛𝑚𝐽𝑛 𝑎𝑗𝑛𝑚 𝐽𝑛
′ 𝑗𝑛𝑚𝑟

𝛼0
2−𝑗𝑛𝑚

2 𝐽𝑛−1
2 𝑏𝑗𝑛𝑚

𝐹 

𝐸 𝑛,m𝜑
𝑎,𝑇𝑀 = 𝑗2𝑞𝜇0

𝑘𝑛𝑎𝝌𝒏𝐶𝑢

𝜶𝟎
𝟐𝑏2𝑟

𝐽𝑛 𝑎𝑗𝑛𝑚 𝐽𝑛 𝑗𝑛𝑚𝑟

𝛼0
2 − 𝑗𝑛𝑚

2 𝐽𝑛−1
2 𝑏𝑗𝑛𝑚

𝐹 

𝐸 𝑛𝑛,𝑧
𝑏,𝑇𝑀 = −𝑗2𝑞

𝐶𝑢
𝑏2𝑐2𝜀0

𝐽𝑛 𝑎𝑗𝑛𝑚

𝛼0
2 − 𝑗𝑛𝑚

2 𝐽𝑛−1
2 𝑏𝑗𝑛𝑚

𝐽𝑛 𝑟𝑗𝑛𝑚 𝐹 

𝐸 𝑛𝑚,𝑟
𝑏,𝑇𝑀

= −2𝑞𝜇0
𝑐2 𝛼0

2 − 𝑗𝑛𝑚
2 − 𝑘𝐶𝑢

𝑏𝑗𝑛𝑚 𝛼0
2 − 𝑗𝑛𝑚

2 𝐽𝑛−1
2 𝑏𝑗𝑛𝑚

𝐽𝑛 𝑎𝑗𝑛𝑚 𝐽𝑛
′ 𝑟𝑗𝑛𝑚 𝐹 

𝐸 𝑛𝑚,𝜑
𝑏,𝑇𝑀

= −2𝑗𝑞𝑛𝜇0
𝑐2 𝑗𝑛𝑚

2 − 𝛼0
2 − 𝑘𝐶𝑢

𝑟𝑏2𝑗𝑛𝑚
2 𝑗𝑛𝑚

2 − 𝛼0
2 𝐽𝑛−1

2 𝑏𝑗𝑛𝑚
𝐽𝑛 𝑎𝑗𝑛𝑚 𝐽𝑛 𝑟𝑗𝑛𝑚 𝐹 

𝐸𝑛𝑚,𝑟
𝑎,𝑇𝐸 = 𝐸𝑛𝑚,𝑟

𝑏,𝑇𝐸 = 𝐴 𝑛𝑚
𝑗𝑛

𝑘𝑟
𝐽𝑛 𝜈𝑛𝑚𝑟 ,  

𝐸𝑛𝑚,𝜑
𝑎,𝑇𝐸 = 𝐸𝑛𝑚,𝜑

𝑏,𝑇𝐸 = 𝐴 𝑛𝑚𝐽𝑛
′ 𝜈𝑛𝑚𝑟 , 

 𝐻𝑛𝑚,𝑧
𝑎,𝑇𝐸 = 𝐻𝑛𝑚,𝑧

𝑏,𝑇𝐸 = 𝐵 𝑛𝑚𝐽𝑛 𝜈𝑛𝑚𝑟

   

𝐴 𝑛𝑚 =
𝑗2𝑞𝜇0𝑸𝒏𝜈𝑛𝑚

2 𝜔𝜔𝑏𝐽𝑛
′ 𝑎𝜈𝑛𝑚

𝑛2−𝑏2𝜈𝑛𝑚
2 𝛼0

2−𝜈𝑛𝑚
2 𝐽𝑛

2 𝑏𝜈𝑛𝑚 
,  

𝐵 𝑛𝑚 = −
2𝑞𝑎2𝜈𝑛𝑚

3 𝜔𝑏𝑸𝒏

𝑛2 − 𝑏2𝜈𝑛𝑚
2 𝛼0

2 − 𝜈𝑛𝑚
2

𝐽𝑛
′ 𝑎𝜈𝑛𝑚

𝐽𝑛
2 𝑏𝜈𝑛𝑚 

 

TM modes.      

TE modes. poles at 𝜈𝑛𝑚
2 = 𝛼0

2 ; no extra poles 
in obtained solution 

Poles at 𝛼0
2 = 𝑗𝑛𝑚

2 , additional pole at 𝜶𝟎
𝟐 = 0 in 

obtained solution. 
Existing solution 

𝑱𝒏 𝒃𝒋𝒏𝒎  = 0 

𝑱𝒏
′ 𝒃𝝂𝒏𝒎 = 𝟎 

𝑸𝒏 =  
𝒂𝝌𝒏  −  𝒇𝒐𝒓 𝒐𝒃𝒕𝒂𝒊𝒏𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏
𝟏 −   𝒇𝒐𝒓 𝒆𝒙𝒊𝒔𝒕𝒊𝒏𝒈 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏

  



Chosen form of function 𝝌𝒏: 

𝝌𝒏 = 𝒂−𝟏 𝟏 − 𝟒𝒏𝜞𝟐 𝒏 𝒏
𝑱𝒏 𝜶𝟎𝒃 𝑱𝒏

′ 𝜶𝟎𝒃

𝜶𝟎𝒃
𝟐𝒏−𝟏 , 

𝚪 𝒏 = 𝒏 − 𝟏 !,  

𝝌𝒏 → 𝒂−𝟏   at 𝜶𝟎 → 𝒋𝒏𝒎 𝝂𝒏𝒎    

𝝌𝒏 → 𝜶𝟎
𝟐𝒂  at 𝜶𝟎 → 𝟎 



Numerical examples 

Spectral distribution of dipole 

mode 𝑛 = 1  radiation in a 

copper waveguide; forward (right) 

and back (left) radiation. 

Spectral distribution (space-time domain, 

forward direction, 𝑧 − 𝑉𝑡 → 0) of first three 

multipoles 𝑛 = 1,2,3  stored radiation 

energy for TE (top) and TM (bottom) modes 

in a copper (red, dased) and ideal (black, 

solid) waveguides. 

Damping factors of TE (blue) 

and TM (red) modes at 

resonant frequencies for 𝑛 = 1. 

𝒂 = 𝟏𝒄𝒎, 𝒍 = 𝟖𝒄𝒎,   
𝑲 = 𝟎. 𝟒𝟐, 𝑬 = 𝟏𝟓𝑴𝒆𝑽,  

𝒏 = 𝟏 



The case of proximity of the resonant and critical frequencies 

n = 1

 

𝑛 = 1  𝑇𝐸

𝑛 = 1

 



Dielectric loaded resistive waveguide. Damping factors 

𝜀 = 1 

𝜀 = 2 

𝜀 = 3 

𝜀 = 10 

𝒂 = 𝟏𝒄𝒎,𝒅 = 𝟏𝝁𝒎, 𝒍 = 𝟖𝒄𝒎,   
𝑲 = 𝟎. 𝟒𝟐,𝑬 = 𝟏𝟓𝑴𝒆𝑽, 𝒏 = 𝟏 

Dipole mode (n=1) 



CONCLUSION 
   The obtained exact solution, in contrast to the case of an ideal waveguide, has 

no singularities at the critical (TE modes, space-time domain) and resonant (TE 

and TM modes, frequency domain) frequencies. Along with the greater 

prevalence of TE modes (due to higher attenuation of TM modes) than in an 

ideal waveguide, the maximum value of the amplitude of the dominant TE mode 

is limited due to the finite conductivity of the walls. 

   The solution presents a realistic picture of radiation and creates wide 

opportunities for research on optimizing the parameters of the structure, 

depending on its purpose.  

   The solution can be extended to two-layer and multilayer waveguides 



THANK YOU! 


